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ABSTRACT
We prove the weak convergence of a type of conditional expectation, which provides a
straightforward prove of Goggin’s Theorem and further proves the consistency of likelihoods,
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1 Introduction

If (XN, Y") on a probability space (Y, FN, PV) converges weakly to (X,Y) on (2, F, P),
it is not necessarily true that EF" [F(XN)|YN] = E[F(X)|Y], even for bounded, continuous
functions, F'. However, Goggin (1994) showed that the limit of the conditional expectations
can be determined if it is possible to make an absolutely continuous change of probability
measure, from PV to QY with LY (XY, Y") = dP" /dQ" being the Radon-Nikodym deriva-
tive, so that, under @V, X*» and Y are independent. Goggin’s main condition guaranteeing
the weak convergence of the conditional expectation is that (XV, Y™ LY (XY Y¥)) under
QY converges in distribution to (X,Y,L(X,Y)) under Q. Under the same conditions of
Goggin (1994), we provides a short proof of the weak convergence of this type of conditional
expectation: E@"[F(XN)LN(XN v N)|YN] = EQ[F(X)L(X,Y)|Y] as N — oco. Then,
Goggin’s theorem is obtained.

We note that E?[F(X)L(X,Y)|Y] relates to the Duncan-Mortensen-Zakai (unnormal-
ized filtering) equation in the classical filtering problem. Hence, weak convergence of this
type of conditional expectation has applications in proving the consistency of some numeri-
cal algorithms for computing Duncan-Mortensen-Zakai equation. However, this paper focus
on another important application to the statistical inference for a class of partially-observed
models of asset price for transaction data recently proposed in Zeng (2003). The main appeal
of the class of models is that they are framed as a filtering problem with counting process
observations. Then, E¢[F(X)L(X,Y)|Y] relates to the continuous-time likelihood (or inte-
grated likelihood in Bayesian statistics) of the model, which is specified by the unnormalized

filtering equation. Markov chain approximation method can be applied to develop recursive



algorithms based on the unnormalized filtering equation to compute the continuous-time
likelihood. Therefore, weak convergence of this type of conditional expectation is useful in
proving the consistency of the recursive algorithms for likelihoods. Furthermore, together
with the continuous mapping theorem, weak convergence of this type of conditional expecta-
tion can also prove the consistency of the recursive algorithms for computing posterior and
Bayes factor, which is the ratio of the integrated likelihoods of the two models considered in
model selection.

Section 2 presents and proves the main theorem with two corollaries. The first corollary
is Goggin’s theorem and is related to the consistency of posterior. The second relates to
the consistency of Bayes factor. It should be noted that the results in section 2 are fairly
general, because they are for the random variables in the complete, separable metric spaces.
To present an application, Section 3 first reviews the class of models proposed in Zeng (2003),

then proves the consistencies of the likelihoods, posterior and Bayes factor.

2 The Main Result

Theorem 1 Suppose that Sy and Sy are complete, separable metric spaces and that (XV,YN),
N =1,2,..., and (X,Y) are Sy x Sy-valued random variables defined on the probability spaces
QN FN PN and (Q, F, P), respectively. Suppose that {(X™,YN)} converges in distribu-
tion to (X,Y), that PV < QN on o(XN, YY) with dPY /dQN = LN(XN, YY), and that
QN (Q) is a probability measure on FN (F) such that X, YN (XY ) are independent under
Q¥ Q)

Suppose that the QN -distribution of (XY, YN, LN(XN Y™N)) converges weakly to the Q-

distribution of (X,Y,L(X,Y)), where E®[L(X,Y)] = 1. Then, the following hold:



(i) P< @ ono(X,Y) and dP/dQ = L(X,Y);
(ii) For every bounded continuous function F : Sy — R, EQ"[F(XN)LN(XN, YN[y V]

converges weakly to E[F(X)L(X,Y)|Y] as N — oo.

Proof: Part (i) is from Part (i) of Theorem 2.1 in Goggin (1994). The following is the
proof for Part (ii).

Pick e > 0. Then, as in Goggin (1994), there exists a bounded, continuous function L¢,
w.l.o.g. strictly positive, such that E9[|L(X,Y) — L*(X,Y)]] < e.

Let ZV = LN(XM, YY) and Z = L(X,Y). Using Skorohod’s representation, we can
find a probability space (€, F,Q) where (XN, YN ZN) and (X,Y,Z) are defined with
the following three properties: For each NV, (X' N ,YN ,ZN ) has the same distribution as
(XN, YN LN(XN YN)) under QV; (X,Y,Z) has the same distribution as (X,Y, L(X,Y))

~

under Q; and (XN, YN, ZN) — (XY, Z) Q-a.s. Suppose |F| < C. We observe that

|

} +CE® UZN — LE(XV, Y/N)” + (1)

|

Now, it suffices to prove the righthand side of the above inequality can be arbitrary small

B9 UEQ [F(XM)ZN[YN] — BR[F(X)Z|Y]

SOEQUZ LR

~

+ EQ “EQ [F(XM)LA(XN, VM)V — EQ[F(X)LE(X,Y)|Y]

for large enough N. The first term is less than Ce. For the second term, we observe

5|

Lem,w)_ﬂ” < EQ[

LE(XN, VN LR, V) ” +E? {

Le@y)_z”w@ UZ_ZNH.

Since (XN, YN) — (X,Y) Q-as, and L is bounded and continuous, the first expectation
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is less than ¢ for large N. The second expectation is less than € by the assumption on L®.
Since ZV — Z Q-a.s., and [ ZNdQ — [ ZdQ (since all the integrals are identically 1), the
last expectation is less than € for large N. Therefore, the second term of (1) is less than 3Ce.

Noting that both F' and L® are bounded and continuous real variables, one finds that the
mapping: (y, 1) — [ F(z)L*(x,y)p(dz) is continuous. Therefore, noting that (YN, uV) —
(Y, 1), where p¥ = Q (X)) and = Q (X)), we obtain that the third term of (1) is less
than e for large N. O

Theorem 1 relates to the consistency of likelihood in the application of Section 3. The
following corollary is Goggin Theorem and relates to the consistency of posterior in the
application of Section 3. We use the notation, X" = X (X, = X), to mean X" (X,)

converges weakly to X in the Skorohod topology as N — oo (e — 0).

Corollary 1 Under the same conditions of Theorem 1, for every bounded continuous func-

tion F : Sy — R, we have: EP" [F(XM)[YN] converges weakly to EP[F(X)|Y] as N — oc.
Proof: Bayes theorem, Theorem 1 and continuous mapping theorem imply that,

EQV[F(XNLN (XN, Y)YV  EQ[F(X)L(X,Y)|Y]
EINXY YMYN] T ER[L(X,Y)[Y]

EP F(XM)[YN] = = EY[F(X)|Y].

Corollary 2 relates to the consistency of Bayes factor in the application of Section 3.

Corollary 2 Suppose that for k =1,2, ka) and Sék) are complete, separable metric spaces,

and that (XY, YN LN (XN YN)) ((Xk,Yk)> on (O, FY PN) <(Qk,.7-"k,Pk)> satisfies the

B (RO XYYV g 0N () —

same conditions of Theorem 1. Define: ¢ (Fy) = B (LY (XN yN)YN) B
2 L5 (X57,Y5 2



N
B9 [Fy(XN)LY (X3 Y|y N
N
ECT LN (XN Y)Y

L Define q1(F1) and qz(F») similarly. Then, for every bounded con-

tinuous function Fj, : S{k) — R, ¢ (Fy) converges weakly to qi.(F},), for k= 1,2.

Proof: Theorem 1 and continuous mapping theorem imply that,

B[R LY (XY, YNV E9R(X) Li(X0, Y)Y
B LY (X, YY) Y] E@[Ly(X5,Y2)[ Vi)

q (Fy) = = q(F).

3 Application to a Class of Asset Price Models

This section first reviews the class of partially-observed models for transactional asset price
in Zeng (2003) and their continuous-time likelihoods, posterior and Bayes factors. Then,
applies the theorem and the two corollaries in Section 2 to prove the consistency of the

likelihoods, posterior and Bayes factors.

3.1 The Class of Models

In trade-by-trade level, the asset price does not move continuously as the common asset price
models such as geometric Brownian motion or jump-diffusion processes suggest, but move
level-by-level due to price discreteness. When we view the prices according to price level, we

model the prices of an asset as a collection of counting processes in the following form:

Ni(fo M(0(s), X (), s)ds)

No(fo Aa(0(s), X (), s)ds)

Nu(fy Ma(0(s), X (s), 5)ds)



where Y;(t) = Nj(f(f A;(0(s), X(s),s)ds) is the counting process recording the cumulative
number of trades that have occurred at the jth price level (denoted by y;) up to time ¢.
Moreover, 6(t) is a vector of parameters in the model and X (¢) is the intrinsic value process,
which can not be observed directly, but can be partially-observed through Y. Suppose that

P is the probability measure of (0, X 17) We invoke five mild assumptions on the model.
Assumption 1 {N;}7_, are unit Poisson processes under measure P.
Assumption 2 (0, X), Ny, Ns, ..., N, are independent under measure P.

Assumption 3 The total intensity process, a(t), is uniformly bounded below and above,

namely, there exist positive constants, Cy and Cy, such that Cy < a(t) < Cy for all t > 0.

Remark 1 Assumption 3 is for technical reasons. These three assumptions imply that
there exists a reference measure () and that after a suitable change of measure to @,

(0,X),Y1,...,Y, become independent, and Y7,Y5, ... Y, become unit Poisson processes.

Assumption 4 The intensity, A\;(0,z,t) = a(f, z,t)p(y;|x), where a(0, x,t) is the total trad-
ing intensity at time t and p(y;|x) is the transition probability from x to y;, the jth price

level.

Remark 2 This assumption imposes a desirable structure for the intensities of the model.
It means that the total trading intensity a(6(t), X (¢),t) determines the overall rate of trade
occurrence at time ¢ and p(y;|z) determines the proportional intensity of trade at the price
level, y;, when the value is z. Note that p(y;|z) models how the trading noise enters the

price process.



Assumption 5 (0, X) is the solution of a martingale problem for a generator A such that

Mf(t)zf(e(t%X(t))—/o Af(0(s), X(s))ds

is a FO* -martingale, where FP™ is the o-algebra generated by (0(s), X(8))o<s<t-

Remark 3 The martingale problem and the generator approach (see Ethier & Kurtz (1986))
provide a powerful tool for the characterization of Markov processes. Assumption 5 includes
all relevant stochastic processes such as diffusion and jump-diffusion processes.

Remark 4 Under this representation, (6(¢), X (¢)) becomes the signal process, which cannot
be observed directly, but can be partially observed through the counting processes, ?(t),
corrupted by trading noise, which is modeled by p(y;|x). Hence, (0, X, 37) is framed as a
filtering problem with counting process observations.

3.2 Foundations of Statistical Inference

3.2.1 The Continuous-time Joint Likelihood

The probability measure P of (0, X, 57) can be written as P = Py, X Pyg,, where Py, is
the probability measure for (6, X) such that M(t) in Assumption 5 is a F; " -martingale,
and Py, is the conditional probability measure for Y given (0, X). Under P, Y depends
on (0, X). Recall from Remark 1 that there exists a reference measure @) such that under
Q, (0,X) and Y become independent, and Y7, Y5, ... .Y, become unit Poisson processes.
Therefore, () can be decomposed as Q = Fy, x Q,, where @), is the product probability

measure for n independent unit Poisson processes. Then, the Radon-Nikodym derivative of



the model, L(t), that is the continuous-time joint likelihood of (6, X, 17), is,

dP . dPy, dPyjo.2 dPyg.x
(0 = G0 x ) = T

=TT { /o006, X000, aige) = [ a0 X000 < 1]s

L(t) =
(3)

3.2.2 The Continuous-time Likelihoods of Y

However, X cannot be observed. To obtain the integrated likelihood of the model, which
is the marginal likelihood of Y, we may integrate L(t) on (0, X), or equivalently, write the
integrated likelihood in terms of conditional expectation. Let .7-?7 = o{(Y ()]0 < s <t} be

the available information up to time t.

—

Definition 1 Let ¢(f,t) = EC[f(0(t), X (t))L(t)|FY].

If (6(0), X(0)) is fixed, then the likelihood of Y is E?[L(t) |.7-"?] = ¢(1,t). If a prior is

assumed on (0(0), X(0)), then the integrated (or marginal) likelihood of Y is also ¢(1,1).

3.2.3 The Continuous-time Posterior
Definition 2 Let m; be the conditional distribution of (6(t), X (t)) given ft?.
Definition 3 7(f,t) = EF[f(0(t), X ()| FV] = [ f(0,)m(db, dx).
If a prior is assumed on (#(0), X (0)), then m; becomes the continuous-time posterior,

which is determined by 7(f, ) for all continuous and bounded f.

3.2.4 Continuous-time Bayes Factors

For the class of micromovement models, suppose that Model k is denoted by (%), X *), }7(’“))

—»

for k = 1,2. Denote the joint likelihood of (#%), X Y by L&) (¢) which is given by
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Equation (3). Denote ¢y (fi, t) = EQ™ [fo (6@ (t), X ®(¢))L® (t)\]—"t?(k)]. Then, the integrated
likelihood of Y is ¢ (1,t), for Model k.

In general, the Bayes factor of Model 2 over Model 1, Bs;, is defined as the ratio of
integrated likelihoods of Model 2 over Model 1, i.e. Byi(t) = ¢2(1,t)/¢1(1,t). Suppose By
has been calculated. Then, we can interpret it using the table furnished by Kass & Raftery
(1995) (a survey paper of Bayes factor) as guideline.

Similarly, we can define Bys. Obviously, Bis X By = 1.

Definition 4 Define the filter ratio processes:

o f1,t)

_ a(fa, 1)
B0 =0

and  qa(f2,t) = (LD)

Remark 3.5 Observe that the Bayes factors, Bia(t) = ¢1(1,t) and By (t) = q2(1,¢).

In summary, ¢(f,t), which determines the likelihood or integrated likelihood, is charac-
terized by the unnormalized filtering equation. =(f,¢), which determines the posterior, is
characterized by the normalized filtering equation, and is the optimum filter in the sense of
least mean square error. qi(fx,t), K = 1,2, which determines the Bayes factors, is charac-
terized by the system of evolution equations. The filtering equations for ¢(f,t) and 7(f,t)
are derived in Zeng (2003) and the system of evolution equations for qx(fx,t), k = 1,2, is

derived in Kouritzin & Zeng (2003).

3.3 Consistency of the likelihoods, posterior and Bayes factors

To compute them for statistical inference, one constructs recursive algorithms to approximate

them. Zeng (2003) (Kouritzin & Zeng (2003)) applied Markov chain approximation method
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to construct recursive algorithms to compute the posterior and Bayes estimates (the Bayes
factors). One basic requirement for the recursive algorithms is consistency: The approxi-
mate versions (i.e. the likelihoods, posterior and Bayes factors), computed by the recursive
algorithms, must converge to the true ones. The following theorem proved by Theorem 1
and Corollaries 1 and 2 provides the theoretical foundation for consistency.

Let (Gék), Xe(k)) be an approximation of (#*), X(*)). Then, we define

N (S M (0P (5), XP(s), 5)ds)

No(f3 Xa(08) (s), X (s), 5)ds)

(k) —
set 77 = o(V¥(5),0 < s < 1), and take L) = L((01(s), XP (), Y (5)) ..., ).
Suppose that (Gék), Xe(k), ﬁ(k)) lives on (ng), ]:E(k), Pe(k))7 with Assumptions 1 - 5. Then, there
also exists a reference measure ng) with similar properties. Next, we define the approximate

versions that the recursive algorithms compute.
Definition 5 Fork = 1,2, let ¢ i (fi, t) = B9 [ £ (0P 1), XP @) LO @) F ], wes(funt) =

p® (k) (k) v ()
E*e [fk;(ee (), Xe, (t))|F }; Ge1 (f1,1) = e 1(f1,1)/De2(1,t) and qea(fa, t) = de2(f2,1)/Per(1,1).
Theorem 2 Suppose that Assumptions 1 to 5 hold for the models (6%, X *), ?(k))k:u and
that Assumptions 1 to 5 hold for the approximate models (9£k),Xe(k),)_/;(k))k:172. Suppose
(eﬁ’“),Xé’“)) = (0%, X*)) gs ¢ —0. Then, as e — 0, for k=1,2,

(i) Y = YO (i) ger(f,1) = du(f); (i) me(f,1) = milf,1);
(1) gea(fr.t) = q1(f1,t) and gea(fa,t) = qa2(f2, t) simultaneously; for all bounded continuous
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functions, f, f1, and fy, and t > 0.

Proof: To simplify notation, we exclude the superscript, (k). Since (6., X.) = (0,X),
continuous mapping theorem implies that the stochastic intensities of Y, converges weakly
to that of Y. This implies Y. = Y. To show parts (i), (iii) and (iv), since (by Remark 1)
under the reference measure Q., (0., X.) and Y, are independent, Theorem 1 and Corollaries
1 and 2 imply that it suffices to show (., X.),Y,, L) = ((6,X),Y, L) under the reference

measures. The Radon-Nikodym derivative dP,/dQ). is

L) - ﬁ[lexp { [ o050 X050 = [ (0.9, X060,9) — 1]

Noting (9€,X6,}7€) = (0, X, 17) under the reference measures, one finds that continuous

mapping theorem and Kurtz and Protter’s Theorem (Kurtz & Protter (1991)) imply that
t t
/ log A (0 (5= ), X.(s=), s—)dY.;(s) = / log A (8(s—), X (s=), s—)dYi(s),
0 0

/Ot A5 (0c(5), Xcls), ) = 1] ds = /0 0j(0(s), X(5), 5) — 1] s

and ((0, X.),Y.,L) = ((0,X),Y,L) under the reference measures (Condition C2.2(i) of

Kurtz and Protter (1991) holds in our case, see Example 3.3 there.). O.
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